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REACTORS  AND  THE  SCALING  OF  LIQUID- 
FUEL  ROCKET  ENGINES*  ^ 

by 

S.  S.  Planer 

Daniel  and  Florence  Guggenheim  Jet  Propulsion  Center 
California  Institute  of  Technology 
Pasadena.  California 

Scaling  criteria  are  derived  for  homogeneous  and  heterogeneous 
chemical  reactors  from  the  conservation  equations  for  multicomponent, 
reacting,  gas  mixtures,  by  the  use  of  similarity  analysis.  A complete  set 
of  similarity  parameters  for  homogeneous  systems  is  shown  to  include 
Damkohler's  first  and  third  similarity  constanta.  in  addition  to  the  para- 
meters familiar  from  similarity  studies  on  non-reacting  gas  mixtures. 

For  low-velocity  flow  problems  in  the  absence  of  external  forces,  the 
results  of  toe  present  investigation  are  Been  to  be  identical  with  Damkohle r 's 
five  similarity  criteria  for  chemical  reactors. 

Scaling  of  chemical  reactors  with  complete  similarity  is  seen  to 
be  practically  impossible.  Scaling  with  loss  of  geometric  similarity,  ss 
well  as  scaling  with  loss  of  both  geometric  and  dynamic  similarity,  is 
considered.  Here  a distinction  must  be  drawn  between  similarity  criteria 
for  two  extreme  types  of  reactors,  viz., (a)  flow  systems  without  heat 
transfer  to  the  chamber  walls  and  without  wall-catalyzed  chemical  reaction  9; 

* Supported  by  the  Office  of  Ordnance  Research,  U,  S,  Army,  under 

Contract  DA  04-495-Ord-446.  The  author  ie  indebted  to  Dr.  H.  S.  Tsie  1 
. for  helpful  comments. 

T For  a recent  survey  paper  on  Similarities  in  Combustion  see  Technical 
Report  No.  15038-1  by  A.  E.  Welle?,  R.  E,  Thomas,  and  B.  A,  Landry, 
Battelle  Memorial  Institute,  June  1954.  This  paper  dees  not  contain 
detailed  consideration  of  scaling  problems  for  chemical  re  actor  a. 


(b)  flow  cystems  with  conductive  heat  transfer  occurring  only  to  the  clxarr.be r 
wallo  ar.d,  for  heterogeneous  reactors,  diffusive  transport  limited  tc  lengths 
corresponding  to  the  pore  sice  of  a catalyst  bed.  For  case  (a)  obvious 
results  are  obtained  for  both  homogeneous  and  heterogeneous  reactors 
with  loss  of  geometric  similarity.  Cnly  case  (b)  has  been  treated  before 
by  Damk'ohler,  Bosworth,  and  others;  this  work  is  reviewed  here  for  re- 
actors with  loss  of  geometric  similarity,  as  well  as  for  reactors  with  loss 
of  both  geometric  and  dynamic  similarity. 

The  results  of  this  survey  on  similarity  studies  of  chemical 
reactors  are  used  to  draw  some  qualitative  conclusions  regarding  scaling 
criteria  for  liquid -fuel  rocket  engines.  The  practical  importance  of  the 
analysis  is  seen  to  be  limited  insofar  as  reasonable  conjectures  about 
scaling  procedures  are  possible  only  if  the  physico-chemical  processes  of 
the  combustion  reactions  can  be  classified  into  rate -controlling  chemical 
reaction  steps  for  motors  of  different  sices.  However,. the  analysis  sug- 
gests a reasonable  approach  to  the  interpretation  of  experimental  data  in 
small-scale  units.  Once  a sufficient  nui..ber  of  experiments  has  been 
carried  out  to  determine,  for  example,  the  relation  between  overall  re- 
action rate  and  the  physico-chemical  design  parameters  (e.g. , pressure, 
temperature,  etc.),  rational  scaling  to  larger  uuits  should  be  possible. 

I.  INTRODUCTION 

In  a recent  survey  paper  on  combustion  problems  in  liquid-fuel 
rocket  engines1  we  emphasised  the  fact  that  one  of  the  most  important 

1 S.  S.  Penner  and  P.  P.  Detoer,  paper  presented  before  the  Fifth 
International  Symposium  on  Combustion,  Pittsburgh,  Pa.,  September 
1444  press).  ~ 


practical  problems  facing  the  rocket  development  engineer  ie  the  scaling  of 
tested  models  to  engines  of  larger  sizes.  As  a rule,  the  scaling  methods 
employed  do  not  permit  adequate  performance  estimates  of  larger  units. 
Consequently,  engine  scaling  usually  involves  engine  testing  and  develop* 
ment  for  every  new  unit.  This  procedure  is  clearly  Inefficient  and  wasteful 
in  view  of  the  tremendous  expenditures  involved  in  development  work  on 
large  rocket  motors. 

Related  scaling  problems  arise,  of  course,  in  chemical  reactors 

2 

other  than  liquid -fuel  rocket  engines.  In  a pioneering  paper , G.  Damkohle  e 
described  some  years  ago  procedures  for  similarity  analysis  of  both  homo- 
geneous and  heterogeneous  chemical  reactors.  It  is  the  purpose  of  the 
present  discussion  to  show  a more  satisfactory  development  of  similarity 
criteria  for  flow  problems  with  chemical  reactions,  to  examine  the  relatiot- 
between  our  results  and  Dannkonler 's  celebrated  five  similarity  criteria, 
and  finally  to  illustrate  the  use  of  the  similarity  parameters  for  the  deter- 
mination of  rational  scaling  procedures  on  chsmical  reactors. 

In  Section  II  we  present  a straightforward  development  of  simil- 
arity criteria  for  gas  reactions  in  flow  systems.  Starting  with  von  K armor's 
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form  of  the  conservation  equations,  we  follow  Teien  ir.  introducing  dimen- 
sionless variables.  We  then  identify  the  dimensionless  groups  which 
multiply  the  reduced  variables  as  the  similarity  parameters  for  the 
problem.  For  low -velocity  flow  problems  without  external  forces,  our 
results  are  shown  to  be  equivalent  to  Damktibler’s  five  similarity  paramete  rs. 

2 G.  Damkohle r,  2.  Elektrochem.  42,  846  (1936). 

3 Th.  von  Karman,  Sorbonne  Lectures  1952-53,  Paris,  France, 

4 

H.  S.  Tsien,  Princeton  University  Series  on  High-Speed  Aerodynamics. 
Volume  III,  Section  A (in  press). 


Scaling  procedures  for  chemical  reactors  with  negligible  heat 
loss  to  the  walls,  and  without  surface -catalyzed  reactions,  are  discussed 
in  Section  II I,  No  useful  results  are  obtained  under  the  restriction  of  strict 
similarity;  with  loss  of  geometric  similarity,  obvious  conditions  for  scaling 
are  estimated. 

1 5 

In  Section  IV  we  follow  DamkShler,  Bosworth,  and  others  in 
using  the  physical  meaning  of  Damktthler’s  similarity  criteria  for  the  de- 
duction of  intuitively  appealing  similarity  parameters  for  scaling  of  reactors 
with  heat  loss  to  the  motor  walls  and  with  surface -catalyzed  chemical 
reactions.  Scaling  with  loss  of  geometric  similarity,  as  well  as  with  loss 
of  both  geometric  and  flow  similarity,  is  discussed. 

The  contents  of  Section  V are  restricted  to  some  qualitative 
remarks  concerning  the  problem  of  scaling  for  liquid-fuel  socket  engines. 

No  useful  conclusions  can  be  drawn  without  qualitative  classification  of 
reaction  processes  into  homogeneous  or  heterogeneous  reactions,  and 
without  some  knowledge  regarding  the  importance  of  heat  transfer  to  the 
chamber  walla  or  of  wall -catalyzed  chemical  reactions.  It  is  apparent 
that  analytical  studies  of  the  type  developed  in  the  present  discussion  are 
useful  only  in  connection  with  a n intelligent  experimental  investigation  of 
scaling  problems  in  chemical  reactors  in  general,  and  in  engines  in 
particular. 

Before  proceeding  with  the  analysis,  it  is  desirable  to  summarize 
briefly  the  physical  contents  of  Damkbhler's  work.  In  this  connection  it 
is  satisfying  to  note  that  Damkohler’e  five  criteria  are  a necessary  and 
sufficient  condition  for  assuring  dynamic  and  reaction-kinetic  similarity 
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R.  C,  L,  Bosworth,  Trans.  Faraday  Soc.  43,  399  (1947). 


Id  low  ^velocity  flow  problems  without  external  forces  and  without  heat 
loss  to  the  motor  walls, 


l 


From  an  examination  of  the  conservation  equations  for  a multi- 


component reacting  gas  mixture,  D&mkohler  concluded  that  similarity  of 


flow  and  reaction  profile  could  be  maintained  only  if  the  following  five 


dimensionless  ratios  remained  invariant: 


inertial  forces 
viscous  forces 


and 


composition  change  produced  by  chemical  reaction 
c omposition  change  produced  by  convection 


(Df)  w 
(Djir)  e 


composition  change  produced  by  chemical  reaction 
composition  change  produced  by  diffusion 

heat  released  by  chemical  reaction 
heat  lost  by  convection  ’ 


heat  released  by  chemical  reaction 
heat  lost  by  conduction 


II.  SIMILARITY  CRITERIA  FOR  REACTING  GAS  MIXTURES 
A,  Conservation  Laws 

All  chemical  Droceases  are  described  completely  by  a set  of  con- 
* 

servation  equations.  For  chemical  processes  involving  nt  distinct 
chemical  species,  the  set  of  nV  continuity  equations  is  represented  by 

3 

the  relations 


J i- Ur-m, 


(1 


The  conservation  equations  and  similarity  criteria  are  directly  appli- 
cable to  homogeneous  gas  mixtures  and  also  to  small  volume  elements 
of  heterogeneous  reactants,  provided  these  volume  elements  are  large 
compared  to  discontinuities  in  the  heterogeneous  reactants  and  pro- 
vided we  use  suitable  expressions  for  the  transport  properties  in 
heterogeneous  systems. 


fa. 


whore  & repeated  index  Ji  indicate*  summation  over  this  index. 

Here  equals  the  weight  fraction  of  species  i , t Is  the  time.  0^ 

represents  the  mass  rate  of  production  by  chemical  reaction  of  species  i> 
per  unit  volume , ^ is  the  density  of  the  fluid  mixture.  equals  th* 
mass-weighted  average  velocity  of  the  fluid  mixture  with  components 

1,  2,  3).  and  i»  the  diffusion  velocity  of  species  with 
components  ^ { jt  • 1.  2.  3).  An  exact  description  of  diffusion  in 
multicomponent  (gas)  mixtures  is  a notably  complex  problem.^  For  this 
reason  it  is  necessary  to  simplify  the  analysis  by  treating  the  complex 
reaction  mixture  as  a two -component  system  and  writing^ 


M.I 


IN 

-\~K? 


where  1^  is  an  appropriate  binary  diffusion  coefficient  for  species  . 
It  is  unlikely  that  the  simplification  expressed  by  Eq.  (2)  can  lead  to 
erroneous  answers  in  a similarity  analysis.  From  Eqs.  (1)  and  (2)  it 


follows  that 


The  momentum  equation  for  a milti component  gas  mixture  has 


been  written  by  von  Karroan^  in  the  form 


y [ sMijxjKI*  "j£  +$\  * + <4> 


^ We  use  the  indecee  < , * 1,  Z,  . . . ,U  for  composition  variables 

and  Jt  > kf  * 2,  3 for  vector  components. 

^ J,  O,  Hirschfelder,  C,  F.  Curtiss  and  R,  B.  Bird.  The  Molecular 
Theory  of  Gases  and  Liquids.  John  Wiley  and  Sons.  Inc. New  York  1954 
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Her®  p represent#  the  pressure 


, ? i. 


an  external  force  with  component* 


p,  ( k « 1.  2,  3)i  T and  Y-  V denote,  respectively,  tho  viscous 
k ~ 

(for  Stoke*  flow)  and  diffusion  stress  tensor*  wi'h  component* 


^ = 1 H h * ( %+  i|) 


(5) 


and 


(6) 


The  quantity  ^ ie  taken  to  be  the  viscosity  coefficient  of  the  reacting 
mixture  and  ^ ^ ■ 1 for  jt  • k , ^ ^ ■ 0 lor  JL  ^ k . 

An  approximate  form  of  the  energy  equation,  in  which  radiant  heat 
transfer  and  thermal  diffusion  effects  are  neglected,  1*  the  followings* 

i4(e<iql)  * slKiljYjvj1) 

* s ' ^ * 4 + Vj] 

+ 

<,*  i • * 


. rrw 


b\ 

). 


(7) 


In  Fq.  (7)  G.  represent*  the  specific  internal  energy  of  the  fluid  mixture, 
Y Cj  ^ is  the  specific  kinetic  energy,  \ 1*  the  thermal  conductivity, 
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ici  the  specific  enthalpy  of  the  i'th  component,  and  the  other  symbols  hove 
their  previous  meaning.  We  define  the  standard  specific  energy  <°°  and 
standard  specific  enthalpy  •£,  by  .he  relations 

O — CL. 

e • <*.  t cy  <7 

and 

A • ^ + C j p 3“ 

where  “p 

Cv  $ S / *"V  > cp a rev, 

T° 

with  and  Cp  equal  to  the  average  specific  heato  of  the  reacting  mixtu* a 
at  constant  volume  and  constant  pressure,  respectively,  for  tho  indicated 

temperature  range.  Tho  temperature  & equals,  approximately,  the 

To  o 

(usually  298.16  K) 

at  which  the  standard  internal  energy  and  enthalpy  have  been  evaluated.  In 
view  of  the  relation  6 » 6°  + Cy  S’  we  note  that 


From  the  overall  continuity  equation  it  follows  that 


9 


whence 


* & + e°|| 


and 


1 


S « ^ + A 


- 5-^ 

+ ^ Cs<^  + i^^l- 

of 

Introduction  of  the  preceding  relation,  ae  well  *»A»q.  (2).  into  Eq.  (?) 
leads  to  the  re  atilt 

♦ h,  ^ %)  + % x xi  )+hiA  y^] 


■ s ^ 

W‘£™i*s£r] 

5 riof  Y D1  iJiiliWl1! 

♦ssUSL  u ^ jv.  I -ssrl  1- 


H) 


10. 


Equation  (8)  is  considerably  more  complex,  and  also  more  nearly 
correct,  than  DamkSJhlerY  form  of  the  energy  equation.  Nevertheless, 
we  expect  to  obtain  essentially  the  same  similarity  criteria  as 
Damkohler  since  the  differences  in  the  energy  equation  are  the  result 
of  more  refined  descriptions  of  the  same  physical  phenomena  included 
in  D&mk'dhler'e  similarity  studies. 

B.  Limitations  of  Similarity  Analysis  Baaed  on  the  Conservation 


It  was  pointed  out  some  years  ago  by  Edgeworth- Johnstone 
that  derivation  of  similarity  criteria  from  the  conservation  equations 
will  lead  to  more  similarity  parameters  than  are  required,  because 
the  reaction  frequencies  j *re  aot  independent  but  are 
functions,  for  example,  of  the  composition,  pressure  and  temperature 
distribution  in  the  reactor.  We  are  however,  unable  to  take  advantage 
of  this  fact  in  most  practical  scaling  problems  because  the  exact  form 
of  the  reaction-rate  law  is  usually  unknown  In  view  of  this  difficulty, 
it  is  only  reasonable  to  perform  similarity  studies  on  the  assumption 
that  useful  conclusions  can  be  drawn  on’y  if  the  results  permit  scaling 
for  fixed  values  of  g £ under  invariant  composition,  pressure, 

and  temperature  conditions.  We  shall  interpret  the  utility  of  similarity 
studies  for  specific  problems  in  Sections  III  and  IV  with  this  reservation 
in  mind.  However,  in  the  discussion  of  engine  scaling  on  the  basis  of 
model  experiments  (Section  V),  a different  viewpoint  is  indicated,  namely, 


i 
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1.  Edgeworth-Johnstone,  Trans.  Inst.  Chem.  Engrs.  17,  129  (1939). 


n. 


fruitful  experiments  should  be  designed  in  such  a way  as  to  determine 
precisely  this  functional  form  small  units.  Intelligent  treatment  of 
the  data  will  then  permit  rational  scaling  by  the  use  of  similarity 
analysis. 


C,  Similarity  Criteria 

For  the  derivation  of  similarity  criteria  we  follow  Tsien's 

4 

treatment  for  non-reacting  gas  mixtures  and  introduce  dimensionless 
variables  (identified  by  an  asterisk!  through  the  relations 

X-X*)  ***•*/  V°  ^JL  » 


?*  ?•§*< 

V 

ui>T- 

1T/. 

v 

rA 

» 1«v»  ~ V,* 

T \ > 

Y D 

rAk 

. 

' L* 

1° = 

u;-K)C* 

= Cj1 

r*V  • 

C'~ 

& 

l', 

19 

■■  , 6 

0 

i 

<\  % 

■-c"-  & 

si 

r* 

\ - 

Vo\\  9- 

$.• 

r>  j).-. 

V 

cv  = 

e ^p,©  c,y  fo 

* S°  V 

r>  Vv^ere. 

t<>  * 

^F,o/cy}0  • 

(9) 

In  Eq.  (9)  o * Mi  is  a characteristic  reaction  frequency, 

the  subscript  <7  identifies  properties  of  the  initial  gas  mixture,  » rep- 
resents a characteristic  length,  ^ is  the  acceleration  of  gravity,  Cj,= 
is  tho  rtandard  specific  enthalpy  difference  between  reaction  products 
and  reactants  and  equals  the  heat  evolved  on  reaction  per  gram  at  constant 
pressure  and  standard  temperature,  tb,  is  a suitably  chosen  binary 


12. 


diffusion  coefficient  of  a dominant  species  in  the  inlet  reaction  mixture, 
and  is  the  corresponding  specific  heat  at  constant  pressure. 

In  terms  of  the  dimensionless  variables  defined  by  Eq.  (9), 

Eq.  (3)  becomes 


v*\#  Ti  i > 


t»  <■*  ^tr ) 


or 


Equation  {10}  contains  the  dimensionless  groups 


= Damkohler's  first  dimensionless  group. 


(11) 


and 


damkohler's  second  dimensionless  group. 


(12) 


Bef  /.  'oc ceding  with  the  derivation  other  similarity  criteria, 

it  is  d i t!  ti-  ’ucidate  the  meaning  of  the  reaction  frequency  . 
Bec>-'  ^dependence  of  the  chemical  reactions  in  complex  systems. 

if  we  restrict  analysis  to  the  typical  chemical  species  in  . 

If  the  physical  states  of  two  systems  are  similar,  and  the  time  history 
of  an  important  chemical  species  (namely,  the  species  1#  ) Is  also 
similar,  then  the  entire  reaction  scheme  in  the  two  systems  will  usually 
be  similar. 

In  terms  of  dimensionless  variables  Eq.  (4)  becomes 


o U V «,»  ht  + e*  (v» -£->«•  . _ % iL* 

°S  <5?  L 5 ^ ^ k lT  ^ 
-♦*  a p*  Iv  * + v*  ^ y X>  * 

+ W tk  + — a*|  v 

+ *y  ®f  * 

LJ  «?  Xk 


or 


(.13) 


Equation  (13)  contains  the  following  new  dimensionless  groups^ in  addition 


s Mach  number  j 


* Froude  number^ 


(14 


(15 


\ y0  J » Reynolds  number^  (16 


« Schmidt  number. 


(17 


It  should  be  noted  that  the  groups  listed  in  Eqs,  (11),  (12),  (16),  and  (17) 
are  not  independent  and  that  any  three  of  the  ratios  can  be  used  to  obtain 
the  fourth. 


It. 


i 


In  term#  of  dimensionless  variables,  Eq.  (8)  becomes 

3.  *4  jp  (f  e^*)  - 1 (ft  t 

_ Pj.'T"  Y»r>**- 

* * ll^“!  j 

L5  ^ ^ 2 w ^ ^ I ^ I 

- Jt fi  „*f  V»  t,«V  ^«.V\|>4V  11 

L’  d#  ^ $ 2^  U \ { )y  )\  >X|» 


or 


Reference  to  Eq.  (18)  shows  that  the  following  new  dimensionless  groups 
appear: 


1(  . 


Damkohler  'a  third  dimensionless 

group ^ ' y‘ 


Cfto%  > W 


(20 


?r 


a Prandtl  number. 


(21) 


For  convenience  and  later  reference  we  summarize  an  independent 
set  of  similarity  parameters  for  reacting  multicomponent  gas  mixtures  in 
which  radiant  heat  transfer,  thermal  diffusion,  and  other  relatively  unim- 
portant transport  processes  are  ignored.  The  important  relations  are  the 
following: 
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<(Vi 

vo  Cf>,o  &0 


iv0* 


(C$o/(o) 


r> 


(VI) 


(VII) 


(V1H) 


(IX) 


Th«  groups  (I)  to  (V),  (VIII),  and  (IX)  must  be  maintained  constant  even  in 
flow  systems  without  chemical  reaction.  * For  low  velocity  flows,  mainten- 
ance of  constant  values  of  M and  ^ is  unimportant;  in  the  absence  of 
significant  external  forces,  (i.e. , forces  of  the  type  which  might  occur  in 
combustion  chambers  during  accelerated  flight)  constancy  of  TV  is  unim- 
portant; the  specific  heat  ratio  generally  does  not  vary  greatly  from 

one  chemical  system  to  another  and  is,  therefore,  practically  constant  in 
any  cnee.  Hence  it  follows  that  constancy  of  the  five  groups  ( Pe  ),  ( Sc  )» 
(Pr  ),  ( Dj  ),  and  ( J)jjj  ) is  generally  sufficient  to  assure  similar  com- 
bustion processes  in  low-velocity  systems  without  significant  external  forces 
since,  in  this  case,  the  two  different  combustion  reactions  are  described  by 
identical  nondimensional  differential  equations.  The  five  similarity  require  - 
ments  given  here  are  equivalent  to  Damkohler's  set  of  ( Pe  ),  ( Dj  ),  ( Dj£ 

R ) ( Sc.  )(  Rft)^,  < Djg  ),  and  (J)jj  ) = ( Djj  ) ( Pr  )4t/(  Pe.) 

* ( X)jjj  ) ( Pe  ) where  the  Peclet  number  < Pe  ) is  known  to  play  an  im- 


8, 


portant  role  in  heat  conduction  with  forced  convection.  We  now  proceed  to 
investigate  the  rational  limitations  placed  on  the  scaling  of  chemical  reactors 
through  the  requirement  that  < "Re  ),  ( Sc  )•  ( TV  ).  < l)j  ).  and  ( ) must 

be  kept  constant,  after  considering  briefly  the  influence  of  boundary  conditions. 

D.  Boundary  Conditions 

For  reactors  in  which  heat  transfer  to  the  motor  wall  plays  an 
important  role  we  must  introduce  a new  similarity  criterion  which  refers 
to  the  solid-gas  interface.  This  effect  is  well  known  and  it  is  shown.  for 
example,  by  Tsien,  * that  the  Nuseelt  heat  transfer  number  Is  a suitable 
parameter.  Actually  we  expect  constant  Nusselt  number  in  reactors  for 
fixed  values  of  the  Reynolds  and  Prandtl  numbers.  It  is  thsrefore  apparent 
that  the  boundary  condition  corresponding  to  heat  transfer  io  the  motor  wai:  e 
introduces  no  new  similarity  parameter  in  the  present  problem. 

Wall-catalysed  chemical  reactions  intriduce  a now  reaction 
frequency  into  the  similarity  study.  We  shall  assume  throughout  the  fol- 
lowing discussion  that  the  reaction  chambers  are  sufficiently  large  to  justii  y 
neglect  of  wall -catalysed  chemical  reactions. 


Ida. 


in.  SCALING  PROCEDURES  FOR  CHEMICAL  REACTORS  WITHOUT  DOM- 
INANT HEAT  LOSS  TO  THE  CHAMBER  WALLS  AND  WITHOUT  WALL- 
CATALYZED  REACTIONS* 

For  low -velocity  flow  problems  in  the  absence  of  external  forces, 
and  without  dominant  heat  tronefer  to  th«  chamber  walls,  we  use  the  simi- 
larity parameters  < Re ),  ( Sc  ),  ( /-V ),  ( Dj)>  < & tjj*  directly' 
following  discussion  vill  be  restricted  to  scaling  with  exact  similarity  and 
to  scaling  with  the  lose  of  geometric  similarity. 

Consider  a cylindrical  model  M and  a large-scale  reactor  H . 

The  consumption  ratio  {or  total  volume  flow  rate  ratio)  YU  for  H * with 
respect  to  r.s  reference  reactor,  is  then  defined  by  the  relation 

/L  * vo,n  / dh  (22* 

where  a-id  denote  diameters  in  the  reactors  H and  \^\  , 

respectively.  It  is  convenient  to  in  ve  a tigs'  •>  the  implications  of  the  similarity 
requirements  for  fixed  value  i.  of  the  consumption  ratio  YX  . 

A.  Maintenance  of  Exact  Similarity  for  a Given  Chemical  System 


Maintenance  of  exact  similarity  is  impractical  for  both  homogene ov  a 
anl  heterogeneous  systems, 

(1)  Homogeneous  Reactors 

For  a given  chemical  reaction,  the  physico-chemical  parameters 
i/i  similar  reactors  remain  unchanged,  i.e.,  <9 0 , C^o  * Do  * > Cj*  > 


For  a discussion  of  the  phrase  "dominant  heat  loss"  see  Section  IV, 


1* . 


and  ,K0  are  fixed.  If  the  consumption  rate  Is  increased  by  the  factor  FU  , 
then  it  followo  from  Eq,  (22)  that 


vo,H  * "•  vo,M  ' 

From  the  requirement  ( Rc  ) ^ » ( R e>*  it  is  apparent  that 


H 


vo,H 


(23) 


(24 


where  the  characteristic  length  occurring  in  the  Reynold's  number  has  been 
set  equal  to  the  diameter  for  a homogeneous  cylindrical  reactor.  From  Eqs. 
(23)  and  (24)  follow  the  relations 


dH  - oo.dtv \ 


(25) 


and 


Vo;H  = ~ V°,M  ‘ <26! 

If  & is  a chamber  length,  then  geometric  similarity  leads  to  the  relation 

^ =*  TV  (27) 

in  view  of  Eq,  (25).  The  requirements  ( Sc  and  ( Pr  )H 

■ ( TV  ) ^ lead  to  no  restriction  in  the  scaling  of  chemical  reactors  for 
a specified  chemical  reaction.  The  relation  ( 1)^  )^  * ( Dj  )^  leads 

to  the  conclusion 

WH  * (Ui)M  «8| 

whereas  < 1)jj  )y^  » ( )|v^  shows  now  that 

WUH  = 0)M  • ,2,) 

For  y\,  > 1 it  is  apparent  from  Eqs.  (25)  and  (27)  that  reactor 


For  scaling  wi£h  maintenance  of  geometric  similarity  it  is  unimportant 
to  differentiate  between  the  different  lengths.  We  specify  the  particular 
linear  dimension  involved  only  as  a matter  of  convenience. 


diameter  and  length  mult  be  Increased;  Eq.  (26)  shows  that  the  flow  velocity 
must  be  decreased;  Eqs.  (28)  and  (29)  show  that  for  fixed  (-0o)  h ' 
the  reaction  frequency  must  be  reduced.  The  ~equirements  for  exact  simi- 
larity expressed  by  Eqs.  (25)  to  (29)  are  difficult  or  Impossible  to  satisfy 
since  we  have  no  effective  oontrol  over  homogeneous  chemical  reaction 
rates.  Furthermore,  the  indicated  scaling  procedure  is  very  inefficient;  wo 
reduce  the  flow  velocity  and  then  compensate  for  this,  in  order  to  increase 
the  volume  flow  rate  by  the  factor  TV  , by  building  a chamber  of  larger 
diameter;  the  chamber  length  is  changed  in  such  a way  that  the  residence 

time  J&n  /v^  h*®  been  increased  by  the  factor  YV»^  in  order  to  allow 

2 

for  the  reduction  in  reaction  frequency  by  the  factor  1/71.  . Theee  changes 
will  lead  to  the  same  combustion  efficiency  in  the  two  reactors, 

(2)  Heterogeneous  Reactors 
From  Eq.  (22)  it  follows  that 

d„  v.|H  = -W,  v0)M 

whereas  the  requirement  { Re.  ^ » ( Re  ) ^ leads  to  the  condition 

Vo,H  * dM  vo,M  <3°' 

where  d raoresenta  the  sn&cina  between  the  discontinuities  in  the 
heterogeneous  system.  For  exact  similarity 


whence 


dm  / dM  - dm  / d^ 

tav0,tt  " vo,m  /vo^ 


Vo>H  * vo;m/^ 


as  before.  Furthermore, 


dH  = ndl. 


Again,  from  geometric  similarity, 


H * fv^  • (3 

Proceeding  as  for  homogeneous  systems  we  find 

- — ( Ui)M  <3 

and 

$o)H  ~ $,)„• 

Thus  exact  similarity  can  be  maintained  for  a heterogeneous  reactor  only 
if  the  reaction  frequency  is  reduced  by  the  factor  7b  * when  the  linear 
dimensions  (including  the  pore  sine  of  a catalyst  bed)  are  increased  by  the 
factor  7\>  . This  particular  dependence  of  reaction  frequency  on  pore 
diameter  ie  usually  impossible  to  obtain. 


B.  Geometric  Distortion 

For  some  homogeneous  chemical  reactions  large-scale  diffusion 
is  not  important.  For  heterogeneous  chemical  reactions  in  catalyst  beds, 
and  also  for  heterogeneous  diffusion  flame*,  the  type  of  diffusion  occurring 
between  macroscopic  volume  elements  can  be  neglected.  Bence  in  these 
cases  the  diffusion  terms  in  the  continuity  and  energy  equations  disappear 
and  the  similarity  requirement  for  ( ) may  be  deleted. 

For  reactor*  with  possible  geometric  distortion, somewhat  different 
results  are  obtained  for  homogeneous  and  for  heterogensoue  systems.  If 
geometric  distortions  are  introduced,  care  must  be  taken  to  use  for  L 
an  appropriate  diameter,  poro  size  or  length.  Thus  we  note  that  in  the 
Reynold's  number  Ko.  , L_  * chamber  diameter  (A  for  a homogeneous 


reactor,  L -■  pore  sisse  d in  a catalyst  bad.  and  L »•  spacing  between 
heterogeneous  diffusion  flames  (A  in  a liquid -gas  system*  in  the  group 
the  length  L is  a chn/nbet  length  ✓£  since  th»  t»rm  L/v„ 


represents  a residence  time:  in  the 


'■,'h  L 


repre- 


sents also  a chamber  length  since  \.x  m*tlod  >i  introducti  this  group 
shows  that  it  must  be  commensur  *-»»h  **  *■  lrngth  rr  ing  into  T)j 
(1 ) Homogeneous  Reactors 

If  the  consumption  rate  for  a given  chemical  ■ stem  is  increased 
by  the  factor  YU  we  have  again  the  relation 


v0iM  ’ 


From 


(Re)H  = (Re)i 


it  follows,  as  before,  that 


whence 


V°)H  * vo,M 


dH  - y\j  d | 


Vo»H  * yu  V3iH  * <3 

For  fixed  chemical  system*  the  conditions  ( $C)  * constant  and  ( Pr  ) » 
constant  are  satisfied  automatically.  From  ( C>  >H  - < i>L  >M  “ 


follows  now  that 


«M)h  ■ £(u*4, 

whereas!  Djj.  ■ < Dqj  )j^  leads  again  to  the  result 

&)H  - 0.U  ■ 
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Without  geometric  distortion,  Eq.  (39)  lends  to  the  seme  results  &e  were 
obtained  in  Section  IUA.  However,  other  solutions  are  possible,  the  most 
interesting  being 

W.)h  » (1^)^  (41) 


with 


X 


(42) 


h in 

The  prescription  for  scaling  ot  homogeneous  reactors,  without  geometric 
similarity  or  wall-catalyzed  reactions,  is  hardly  surprising.  We  note 
that  residence  time  ( ^/vo  )•  reaction  frequency,  and  temperature  dis- 
tribution are  maintained  uniform,  with  the  chamber  diameter  and  length 
scaled  in  inverse  proportions, 

(2)  Heterogeneous  Reactors  With  Constant  Pore  sate 
We  start  again  with  the  condition 

vo,v\  * u vo>M  ' (43) 


From 


or 


(R«.)h  «.  ( Re)jv( 

V0,H  fo^WVQ;M 


we  now  find 


Sh 


a V, 


(44) 


if  * & |v)  represents  a constant  pore  size  for  a catalyst  reactor, 

or  a constant  spacing  between  heterogeneous  diffusion  flames  in  a liquid-gas 
system.  Equations  (43)  and  (44)  now  lead  to  the  result 


dH  * dM . 


(45) 


From  the  conditions  ( $C.  ^ x ( Sc.  ) ^ and  ( TV  * ( ”Pf  )j^  we 
again  obtain  no  design  restrictions  for  a given  chemical  system.  In  the 
present  case 

(Wvt  a l^M  avld  U^H  “ 


imply  again  the  conditions 

-(ft  4, 


and 


&)H  = (&)„. 


(46) 


(47) 


For  & given  chemical  system  the  solutions 

IUJH  = C0JM 

and 


(48) 


(49) 


are  thus  seen  to  be  possible.  The  conclusion  that  a heterogeneous  reactor 
with  negligible  heat  loas  to  the  walla,  and  without  wall- catalysed  reactions, 
can  be  scaled  with  maintenance  of  flow,  thermal,  and  reaction-kinetic 
similarity  by  increasing  d with  ck  , /.  ft  , and  initial  conditions 

constant,  is  hardly  surprising,  The  assumptions  introduced  into  the  analy- 
sis imply  no  interference  between  adjacent  macroscopic  volumes  of  reactor; 
accordingly,  the  scaling  procedure  suggests  design  of  large  reactors  by 
arranging  small  reactors  in  parallel.  This  scaling  principle  for  hetero- 
geneous reactors  is  known  to  lead  frequently  to  very  undesirable  results 
because  heat  losses  to  the  chamber  walls  may  become  very  important. 

For  this  reason  we  return  now  to  Damkbhler's  work  and  modify  the  simi- 
larity criteria  on  the  assumption  that  heat  losses  to  the  chamber  walls  play 


a dominant  role , 
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IV.  SCALING  CRITERIA  1 w«R  HOMOGENEOUS  AND  HETEROGENEOUS 

REACTORS  WITH  DOMINANT  HEAT  LOSS  TO  THE  CHAMBER  WAL.I.S 

..2  5 

Damkohler  and  Bosworth  start  their  investigations  of  scaling 
criteria  with  the  physical  contents  of  Damkohler’s  five  similarity  criteria 
and  assume, for  both  homogeneous  and  heterogeneous  reactors,  that  heat 
losses  to  the  chamber  walls  are  dominant.  We  shall  review  this  work 
with  special  reference  to  DamkiShler’a  investigations  of  partial  similarity. 


A,  Homogeneous  Reactors’ 

For  homogeneous  reactors  the  following  scaling  criteria  are 
assumed  to  apply: 


Re  - 


h - 


&v0d 

l u 


(SO) 


(51) 


lUd 

V’ 

ijuu., 

V0  Cpjo  C70 


(52) 


(53) 


and 


\ S’o 


(54) 


fay  * 

The  groups  ( Re  ) to  ( ) correspond  directly  to  the  ratios  given  in  the 

introduction,  where  they  were  expressed  in  terms  of  the  physical  contents 
of  the  dimensionless  ratios.  They  wove  obtained  by  D&mkohler  from  the 
conservation  laws  by  introducing  dimensionless  variables  and  determining 
the  groups  which  multiply  the  dimensionless  ratios  of  inertial  force  to 
viscous  force,  of  composition  change  produced  by  chemical  reaction  to 
composition  change  produced  by  convection,  etc.  The  product  A dl  arises 
i i Eq.  (52)  from  the  notion  that  both  radial  and  axial  diffusion  are  important. 
The  product  of  lengths  (A.  occurs  in  Eq.  (54)  because  we  assume  that  all 
conductive  heat  losses  occur  to  the  chamber  wall  and  normal  to  the  direc- 
tion of  flow. 

If  heat  transfer  to  the  chamber  wall  occurs  by  turbulent  convection, 
then  \ in  Eq.  (54)  should  be  replaced  by  the  product  of  a I'u^oelt  number 
and  the  gas  conduct! vity;  where  the  Nusselt  number  depends  on  the  product 
of  appropriate  powers  of  ( *Py  ) and  ( Rg. ). 


(1)  Homogeneous  Reactor  with  Conductive  Heat  Transfer  to  the 
Chamber  Wails  (Complete  Similarity) 

From  the  consumption  relation 


~ vo,m 

(55) 

and  the  condition  ( Rg  )^  = ( Re  )^  or 

dH  v0,H  - dMv0)M 

(56) 

it  follows  that 

3 *** 

and 

V»;H  = V0|M  . 

(57) 

(58) 

Hence  it  follows  from  ( I)-£  )^  * ( l)j  )^  or  from  ( Djj  )|^ 

=*  C t>5  )|s 

that 


The  requirement  ( Djj  ^ /(  3 ( D JR  /<  Djy  )|^  implies 

the  condition 

“ 71  ^ M (60) 

for  constant  values  of  \ . * From  Eqs . (59)  and  (60)  it  follows  now  that 

ity H « (u^)M . (6D 

Constancy  of  ( Djj  ) or  ( Djg ) is  seen  to  imply  only  constancy  of  . 

The  scaling  requirements  embodied  in  Eqs.  (57),  (60),  and  (61)  are 
practically  impossible  to  fulfill  for  homogeneous  reactors;  they  are  equiva- 
lent to  those  obtained  for  maintenance  of  complete  similarity  without  dom- 
inant heat  losses  to  the  chamber  wall  jcompare  Section  I|I  A (1 ) j , 

(2)  Homogeneous  Reactor  with  Heat  Transfer  by  Turbulent 
Convection  to  the  Chamber  Walls  (Complete  S^^larity) 

Equations  (50)  to  (53)  remain  unchanged;  Eq.  v‘;4)  <a  replaced  by 

the  expression 

2, 


■D  frq' 
n'  \%ANu.) 


(62) 


where  Nu  is  the  Nusselt  number.  For  fixed  values  of  the  physico-chemical 
parameters  of  the  gas,  the  Prandtl  number  is  constant  and  the  Nusselt  num- 


ber ie  a function  only  of  the  Reynolds  number,  i.e., 
Nu  * constant  ( ^o^o  ^ /^o)^ 
where  YiO  — 0, 8 for  turbulent  flow. 


(63. 


Note  that  the  relation  ^ s 71  M does  not  follow  from  assumed 
geometric  similarity  but  iB  required  by  the  similarity  criteria  directly. 
We  cannot  fulfill  constancy  of  ( Rt  ) to  ( ) without  geometric 

similarity. 


Proceeding  as  for  homogeneous  reactors,  we  find  again 

dn  = ''n,  d ^ > 


°)H  ~ X V0;M  ) <fi 

and 

* (0i)M  iM/^.  W 

Eo  lation  <66 ) and  the  condition  < Djjj-  ) ^ * ( Pjq  }M  show  that 

(^o)H  = ( ^o)M  • « 

According  to  Eqs.  (62)  and  (63),  constancy  of  ( Dg  ) again  leads 
to  the  conclusion  that 

W)H  - 4 (V*)M 

since  (<>o  ^ Vo  / ^0  ) = ( jjo  V ° / 1^0  ) ^ • Hence  also 

0^0  <« 
<•  h ~ A. 

and  we  have  again  scaling  criteria  which  are  almost  impossible  to  satisfy 
in  practice. 

B.  Heterogeneous  Reactors 

Appropriate  similarity  criteria  are 

O _ go^o^ 

i' **  ui  v n 


* ' 


IV; 


Or  * 


cud')3 


(72) 
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D = 

111  VoCp.o  9o  ; 


(73) 


and 


n _ fo'l'  Uid4 

E ' TST  ‘ (7“ 

The  length  d.  in  Eq.  (70)  arise*  from  the  notion  that  diffusion  transport 
is  important  only  within  distances  corresponding  to  the  pore  sine  of  a cata- 
lyst reactor:  the  chamber  diameter  d,  occurs  in  Eq.  (74)  because  we  have 
introduced  the  assumption  that  only  heat  loss  by  conduction  normal  to  the 
chamber  axis  is  of  importance.  It  is  obvious,  without  detailed  study,  that 
Eq«,  (70)  to  (74)  will  lead  to  results  which  are  identical  with  those  discussed 
in  Section  IBB  (2)  for  exact  geometric  similarity. 

e 

In  his  study  of  catalyst  reactors,  Bosworth  has  modified  Eq.  (74) 
further  by  writing 


X 


\ ~ VoC  1-7  pdl) 


(75) 


where  Ao  represents  die  thermal  conductivity  of  the  gas  within  the 


catalyst  pores  at  the  temperature 


and 


|3  is 


a proportionality 


constant  which  measures  the  contribution  U radiant  heat  transfer  (for  low 
radiant  intensities  the  pathlength  for  radiation  is  directly  proportional  to 
dL  ).  The  implications  of  Eqs.  (70)  to  (75)  for  values  of  ^3  (3  either 

5 

small  or  large  compared  to  unity  have  been  discussed  by  Bosworth  and 
will  not  be  reproduced  here . 

The  thermal  conductivity  )>.  appearing  in  Eq,  (74)  is  an  effective 
thermal  conductivity  for  the  catalyst  reactor  and  can  be  expressed^for  fixed 
Prsndtl  number,  according  to  experimental  studies  carried  out  by  Colburn, 
in  the  form 


8 


A.  P.  Colburn,  Ind.  Eng.  Chem.  23  , 910(1931);  Th.  Chilton  and  A.  P. 
Colburn,  ibid.  23,  913  (1931).  “ 
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30. 


Xs  (Re/lOOO)7^'  Hd7d\ons*m:  <76> 

for  turbulent  flow.  The  function  "((d/d) decrease*  from  about  1.45  at 

d'/d 

* 0,04  to  0.2  at  d /d  * 0,3,  For  exact  similarity,  both 

and  d'M  are  conitanta  and,  therefore,  X 1*  conetant.  Fox 

d'/^  « i.  ((d'/d)  2 conetant. 

It  will  now  be  ehown  that  Eqa.  (70)  to  (74)  and  (76 > do  not  lead  to 

ueeful  ecaling  procedure*  even  with  the  loa*  of  geometric  similarity. 

(1)  Loss  of  Geometric  Similarity  for  a Catalyat  Reactor  with 
Con  at  ant  Pore  Size,  Ignoring  Man  Transport  lay  Diffusion 

From  the  definition  for  the  consumption  ratio  we  have  the  relation 

V°>H  “ 01  ^ M*  V<,;M  • 

Constancy  of  the  Reynolds  number  Implies  the  result 

VoiH  ~ Vo>M 

for  constant  pore  size  du  s d i 


(77) 


(78) 


(79) 


= CA  [vj  . Therefore  it  follows  that 
a iFn?  dlf-V 

From  the  condition  ^ w*  now  obtain  the  result 

we  ignore  the  condition  (Djj)  ^ s CDj)|^i  IPjQ^H  r ^ M 
shows  that 

- &)„  (80) 
in  view  of  Eq,  (79).  Finally,  the  requirement  )H  * (Dq)  f*q  with 

constant  value  of  X ( ^constant,  d / <&  4,<.  1)  shows  that 

mHUH)  - (81) 

From  Eqa.  (78)  and  (81 ) it  follows  now  that 

(U/)H  = 


(82) 


whereas  Eqs.  (79)  and  (82)  lead  to  the  conclusion  that 

~ 'YL  <B3) 

The  similarity  requirement  expressed  by  Eq.  (82)  for  a catalyst 
reactor  with  constant  pore  size  is  generally  impossible  to  fulfill,  i.e, , the 
scaling  of  catalyst  reactors  for  the  design  restrictions  expressed  by  Eqs. 

(70  ) to  (72),  (74),  and  (76)  cannot  be  carried  out  with  maintenance  of  dynamic, 
thermal,  and  reaction-kinetic  similarity.  For  this  reason,  we  turn  our 
attention  now  to  Damkohler’s  methods  of  scaling  with  partial  similarity. 


C.  Partial  Similarity  with  Heat  Loss  to  the  Chamber  Walls 


Damkohler2  has  considered  cases  of  partial  similarity  by  specify* 
ing  conditions  for  similar  heat  losses  to  the  chamber  wall,  as  well  as  similar 
heat  release  and  reaction-rate  patterns.  Design  criteria  to  yield  similar  heat 
loss  conditions  will  now  be  considered.  Following  Damkohler , ^ we  shall  mean 
by  thermal  similarity  conditions  under  which  a fixed  fraction  of  the  reaction 
heat  ie  lost  to  the  wall. 

If  the  mean  reaction  frequency  in  the  chamber  is  U , then  the  rate 
of  heat  release  is  

^ U n£dl/*t. 

If  represents  the  temperature  change  in  the  reaction  vessel, 

then  the  convective  heat  loss  per  unit  time  from  the  flowing  medium  is. 


approximately. 


Cp  g (9j. - 90)  V IT  dz/ H . 


Hence  the  ratio  of  total  heat  release  to  heat  loss  by  convection  is 

q'Ul  t,  i 

Constancy  of  ( ) now  replaces  constancy  of  ( Djjj  >. 


The  heat  releaee  per  unit  length  of  combustion  chamber  ie 

U rdx/H. 

Let  denote  the  fractional  heat  loss  to  the  cf.  ember  by  conduction  only. 
For  fixed  value#  of  'y  it  is  then  easily  shown  from  the  differential  equa- 
tion for  heat  conduction 


= D, 


where  'Vyr^, 


denote,  respectively,  the  temperature#  in  the  center 


of  the  reactor  and  at  the  wall.  The  similarity  condition  expressed  by  Eq. 
(85)  replace#  the  requirements  for  constant  Peclet  number.  The  group 
( D|g?  ) is  obtained  from  ( Djq  } by  multiplication  with 

(d/£)(Pr)*(Rt)  [fy  -&)/(^-£w)]. 

Reaction-kinetic  similarity  la  maintained  by  requiring  constancy  of  ( £)j  ), 
Flow  similarity  is  not  maintained  since  constant  ( ) and  ( Sc  ) are  not 

imposed. 

For  turbulent  flow,  heat  transport  to  the  wall  is  characterised  by 
a haat  transmission  coefficient  0(  , If  again  a constant  fraction  of  the 

heat  released  is  lost  to  the  wall  then 

<xnd (ft*.- $*)''•'  Uirdt/H 


4 pq'Ud*' 


— ^ 


V \l%r%)<#(&/l)  Nu 


33. 


where  the  effective  Nusselt  number  ie 

Nn  o <xd/  X* 


(87) 


(1)  Homogeneous  Reactors  with  Turbulent  Heat  Transfer  to  the 

Motor  wjt; 

For  the  scaling  of  a homogeneous  reactor  utilising  a fixed  reactant 
mixture , with  thermal  and  re  action 'kinetic  similarity,  we  must  satisfy  the 
basic  similarity  requirements  expressed  through  constancy  of  { X)j- ), 

( jjj  ),  and  ( Djj  )• 

The  Prandtl  number  remains  invariant  in  scaling  for  a given 
chemical  system.  Hence  the  Nusselt  number  may  be  written  In  the  form 

Nia  * constant  (sw* 
where  "Vn)  —0.8  for  turbulent  flow.  For 


constancy  of  ( 


= ( I IU)H  « iU)M)  ($*,-. 

Sh  ) now  implies  the  relation 


M 


(88) 


Combining  Eq. 


shows  that 


and 


(88)  with  the  consumption  relation 

~ 'Vt 

dH  = dM  (x)w/a+w) 


(2,-m,1)/ (2.  +‘YA'y) 


(89) 


h> 


(90) 


34. 


From  ( I)'j  ) b ( ) [^  it  is  then  apparent  that 

Equation  (91 ) is  also  obtained  from  ( ^ if  we 

introduce  the  condition 

($-&)*  = (V^)m- 

For  Tib1  * 0.8,  Eqa,  (89)  to  (91)  become,  reepectively. 


(91) 


dH 

= dM(u)oa8fe, 

(89a) 

- vH 

(90a) 

A| 

= A,(u)W«. 

(91a) 

and 


(2)  Heterogeneous  Re  actor  a with  Constant  Pore  Size 

The  eimilarity  parameters  which  must  be  maintained  constant  are 

. _ 4V 


- -T2> 

T)'  _ 9'  ^ 

11  ' ?-P (d-f  do)' 

D ' . 

12  XO’m.-'&w) 


(92) 


(93) 


(94) 


where,  for  turbulent  flow  through  a catalyst  reactor,  c 

\ = constant  (R<iw^(d7di),  01%  W iO.n . 
From  the  consumption  relation  we  have 

d/  ^i)  * vM  . 

from  ( Dq  )H  ” ( Db  >m  ”ith 

it  ie  apparent  that 


(95) 


(96) 


<*h 

W 

But,  according  to  Eq.  (95) 

u)M  Ay)Hcv)Hw(vM)'M'1 

tor  constant  value*  of  the  pore  *iae  (1  . Hence  Eq,  (9?)  become • 

iiil  - ^ 

W,y»'  = IV*  ' 

Combining  Eqa.  (96)  and  (98)  it  1*  teen  that 


M. 


(97) 


and  also 


dH  » 


Vu 


(A|v|  (tv) 


Tvw'/ (X  + Z'm') 


Z/ 


* VM  (yC) 

From  (T)j  e (D  ^ with  0 constant  it  is  evident  that 

^ H ■ / V^) 

or 

A -Ji„t*v.)a/(a+aw). 


(9®) 


(99) 


O00) 


H 

The  preceding  expressions  lead  to  the  following  scaling  criteria 


(101) 


for  maintenance  of  partial  similarity! 


(a)  *WV  a 0, 8t 


0,112, 


(b)  "fW,  • 0.9: 


o ..  p „ o.Ss«> 
v-H  . vM  V'5*5;. 

dH  » dM  'T'-0'^y^ 
XH  * iM  x0'524’, 
vn  - vMx. 
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(c)  ttv  *0  (laminar  flow): 

dH  = dM  i 

> 

t \ * OUVj^- 

Constancy  of  t)jj  Implies  again  constancy  of  id(- 1>,> 

(3)  Auxiliary  Stops  In  Scaling 

It  is  evident  that  mainton&nce  of  partial  similarity,  according 
to  the  specifications  determined  by  Damk*<$hler  and  reproduced  here, 
requires  auxiliary  steps  to  assure  the  desired  heat  transfor  in  chambers 
of  different  eizes.  Some  considerations  of  tho  dosign  changes,  as  well 
as  a discussion  of  the  lnfluenco  of  radiant  hoat  transfer  on  motor  scaling 
criteria,  may  bo  found  in  Damkohlor's  original  paper. 

The  limitations  of  the  application  of  scaling  criteria  to  chemical 
reactors  have  been  summarised  by  DamkBhler,  who  notes  particularly 
the  undesirable  pressure  losses  which  maybe  Introduced  in  the  rational 
scaling  of  heterogeneous  reactors.  We  refer  to  the  original  paper  for 
elaboration  of  these  points  and  conclude  the  present  Burvey  with 
speculations  concerning  scaling  of  hip  opallant  liquid-fuel  rocket  engines 


V.  SOME  SPECULATIONS  CONCERNING  THE  SCALING  OF  LIQUID- 
FUEL  ROCKET  ENGINES 

Care  must  bo  taken  to  differentiate  between  attempts  at  develop- 
ing useful  scaling  criteria  without  model  experiments,  on  the  one  hand, 
and  intelligent  interpretation  and  use  of  even  a limited  number  of  experimental 
data,  on  the  other  hand.  In  the  absence  of  experimental  results,  we  are 
reduced  to  the  type  of  considerations  presented  in  Sections  III  and  IV, 
where  we  attaihpt  to  scale  for  fixed  values  of  and  . However, 


37. 


\ 


if  experimental  data  are  available  on  the  dependence  of  T^,  on 

V , p and  Si  an  entirely  different  approach  to  the  scaling 
0° 

problem  is  indicated.  We  proceed  by  summarising  briefly  some 
conclusions  which  appear  to  be  justified  for  the  two  types  of  scaling 
procedures. 


A.  Scaling  Without  Model  Experiments  ( . S»  . t?o  , and 

Constant) 

It  is  apparent  from  the  variety  of  scaling  prescriptions  obtained 
in  Sections  III  and  IV  that  any  procedures  concerning  engine  scaling  for 
fixed  values  of  Y and  XL,  must  begin  with  positive  information 

concerning  (a)  the  importance  oX  heat  losses  to  the  chamber,  and 

(b)  the  relative  importance  of  homogeneous  gas  reactions  and  of 
heterogeneous  processes  such  as  diffusion  flames  surrounding  liquid 
droplets. 

If  heat  transfer  to  the  motor  walls  becomes  important,  we 
have  again  no  generally  applicable  scaling  procedures.  It  remains  yet 
to  be  shown  that  Damkohler's  notions  of  partial  similarity  are  uoeful 
in  practice  for  liquid-fuel  engines.  However,  it  is  also  clear  that  in  a 
field  as  important  as  that  of  engine  scaling,  even  an  incomplete  theory 
may  be  a better  guide  than  the  artistic  notions  which  are  currently  used 
by  design  engineers. 


i3. 


B,  Model  Experiment  a and  Scaling 

It  is  clear  that  a basic  development  program  on  engine  scaling 
involves  experimental  determination  of  ^ for  a fixed 

chemical  ays  tern.  On  the  basis  of  the  empirical  results  it  should  then  be 
possible  to  consider  rational  engine  scaling  with  maintenance  of  partial  or 
complete  similarity.  Details  concerning  this  type  of  investigation  had  beat 
be  carried  out  in  conjunction  with  the  experimental  studies. 

Analytical  considerations  form  an  integral  part  of  the 
development  of  scaling  procedures  from  model  experiments.  In  this  con- 
nection reference  should  be  made  to  more  complete  discussions  of  the 

9 

chemical  processes  in  reactors  than  are  provided  by  a similarity  analysis. 
Correspondingly,  a survey  of  scaling  procedures  in  liquid-fuel  rocket 
engines  should  begin  with  attempts  at  classifying  rate -controlling  reaction 
steps,  1 followed  by  correlation  of  results  concerning  past  failures  and 
successes  on  engine  scaling. 


9 R.  C.  L.  Boswortb.  Phil.  Mag.  39,  M7  (1948);  40,  314  (1949). 

10  H.  M.  .lulburt,  Ind.  Eng.  Cham.  36.  1012  (1944);  37,  1063  (1943). 
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Ae  an  example  of  scaling  on  the  basis  of  model  experiments,  let 
it  be  assumed  that  in  a liquid- propellant  engine  the  rate -controlling 
reaction  involves  heterogeneous  diffusion  flamee  with  U - constant  . 
where  is  the  injector  orifice  diameter.*  The  injection  orifices  are 
spaced  at  a distance  dL  . The  total  number  of  injection  orifices  on  a 
plate  of  diameter  d.  is  proportional  to  &'/(&•  whe'*e  we  assume  that 
&«d . If  the  flow  velocity  V0  is  chosen  to  be  the  linear  flow  velocity 
in  the  orifices,  then  the  total  mass  flow  rate  is  increased  by  the  factor 


>V  if 


[v0-e  dy^rJH » ^ [v^dy&r]  M 


(102* 


For  constant  physico-chemical  parameters  the  following  relations 


obtain: 


($oV0d'/l^H  - (joVod'/^),^ 

- (Wvo)m- 


11031 


(lt«> 


. (<}'>&  Vv.Cp,o&)M, 


U05J 


and,  in  order  to  maintain  geometric  similarity. 


dfl/tiM- 


f lC6f 


* In  general,  is  proportional  to  the  droplet  diameter  ^ which, 

in  turn,  is  givsn  as  a function  of  4 ^ , flow  velocity  , and  pressure 
drop  across  the  Injection  orifice.  For  the  implication  of  this 
conclusion  see  pp.  40-41. 


40. 


Equation  (106)  assures  constant  Reynold's  number  based  on  all 
chamber  dimensions.  For  constant  values  of  and  it  follows 
from  Eq.  (103)  that 

V <*#  * %m  a m 

whence 


^0)M  / 71* . 


From  Eqs.  (102),  (106),  and  (1C7)  it  is  now  apparent  that 

l 


- 'n.'-n.  . 


Equations  (104),  (106)  and  (107)  lead  to  the  result 

* 'hT  • 

Comparison  of  Eqs.  (108)  and  (109)  shows  that 

iS  ^ JL  . 

-VL 


For 


H 


( jC ) 


(107) 


(108) 


(109) 


(11C) 


Eq.  (105)  is  now  also  satisfied. 


The  preceding  results  show  that  for  maintenance  of  similarity 

1> 


in  the  special  case  = constant  “tv*  , eight  times  the  flow  rate 


~ constant  , 

( TL>  - 8)  should  be  achieved  by  setting  , i.  e. , by  reducing 

chamber  diameter,  chamber  length,  and  oriiice  spacing  by  the  factor  2, 
and,  at  the  same  time,  doubling  the  linear  flow  velocity  and  the  size  of 
the  orifices. 

If  = constant  Wr  then  must  be  replaced  by  X in 
Eqs.  (104)  and  (105).  However,  Eqs.  (107)  and  (108)  still  apply. 
Equation  (109)  becomes  now 


" ill  - 


dll) 


We  must  satisfy  an  auxiliary  design  requirement  corresponding  to 


41. 


(H2| 

for  a given  chemical  propellant,  where  Ap  is  the  pressure  drop 
acrosc  fhc  injector  orifice.  The  solution  of  Eqs.  (108),  (111),  and 
(112j  for  suitably  chosen  values  of  Ap  leads  to  an  exact  specification 
of  scaling  procedure.  Of  course,  the  results  can  be  useful  only  If  the 
basic  relation  for  XJ:  applies. 


A}  -C  Ap) 
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